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Hole growth measurements were performed using optical microscopy on freely standing polystyrene films at
temperatures that were slightly larger than the bulk value of the glass transition temperature Tg

bulk. For the
measured range of temperatures, we have observed a transition from linear growth of the hole radius R during
the early stages to exponential growth of R at later times. We have characterized this transition as a function of
molecular weight 120�103�Mw�2240�103, film thickness 61 nm�h�125 nm, and temperature 101 °C
�T�117 °C. The viscosity at the edge of the hole inferred from the long time exponential growth regime
exhibits shear thinning due to the large shear strain rates present at the edge of the hole. The R�t� data for all
times can be fit very well using an expression that describes exponential hole growth with a time-dependent
viscosity that allows for an initial, transient response due to the decay of elastic entanglements. The time scale
for the decay of the transient behavior is interpreted in terms of the decay of entanglements by the convective
constraint release mechanism of the tube theory of entangled polymer dynamics.
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I. INTRODUCTION

Understanding the dynamics of polymer chains in en-
tangled polymer melts has been a major research focus and
area of controversy over the last forty years. As of 1990,
there were a number of competing theories for entangled
polymer melts �1�, however, theoretical efforts during the last
decade have refined Doi and Edwards’ original tube model
�2–5�, which included the concepts of the tube �6� and rep-
tation �7�, into an elaborate model which attempts to describe
the motions of polymers of various architectures �linear,
branched, etc.� in melts by including a number of different
relaxation mechanisms that dominate for different polymer
architectures and at different time scales.

The central feature of the Doi and Edwards �DE� model is
a Langevin equation describing the motion of a single primi-
tive chain confined to a tube, which is a mean-field theory.
The primitive chain is comprised of effective segments that
each represent a section of the real polymer chain, where
each tube segment �modeled as a bead and spring� is essen-
tially the distance between entanglement points and is large
enough to have Gaussian coil properties. During the refine-
ments to the theory, the basic Langevin equation from the
DE model has been retained, with additional terms added to
account for relaxation mechanisms other than reptation
�8–10�.

We briefly list the various relaxation mechanisms in the
current version of the tube theory of entangled polymer dy-
namics and discuss their relative importance for monodis-
perse linear polymer chains in melts at different shear strain
rates. The fastest relaxation, referred to as “chain retraction,”
occurs on a time scale of �R �the Rouse time� and corre-
sponds to the primitive chain returning to its equilibrium
length by the fast Rouse modes of the system when the tube
is deformed by flow. The most well known relaxation mecha-
nism, reptation, a one-dimensional Brownian motion diffu-
sion along the contour length of the tube, is the slowest with

time scale �d and only dominates in linear chains at very
small strain rates ��̇��d

−1�. Contour length fluctuations
�CLFs� of the tube are stochastic breathing-mode retractions
of the chain ends �11–15�. CLF is the dominant mode of
relaxation in branched polymers where reptation is sup-
pressed by the branching points. The addition of CLF to
reptation was shown to give rise to the ��Mw

3.4 dependence
�15�. Constraint release �CR� accounts for relaxation of the
tube due to the disappearance of constraints, i.e., entangle-
ment points, when the surrounding chains relax out of their
tubes by reptation or CLF. CR is modeled by treating the
entire tube as a Rouse chain which undergoes a “Rouse tube
hop” when a constraint is released �16–18�. This mode of
relaxation was thought to be only important for polydisperse
systems where shorter chains would quickly reptate out of
their tubes releasing the constraints surrounding the longer
chains. A form of CR, referred to as convective constraint
release �CCR�, becomes important for shear strain rates
larger than the reptation rate ��̇��d

−1� because entanglement
points are swept away with the convection of surrounding
chains by flow. The CR-generating events are no longer due
to only reptation or CLF, but now occur also by the process
of chain retraction. In CCR, the Rouse tube hops, which are
assumed to act with an equal rate on all tube segments along
the chain, are randomly oriented relative to the shearing di-
rection using a noise term �19–24�. The rate of the CCR
relaxation process follows the bulk deformation rate such
that continuous relaxation of the tube contour is achieved
however fast the flow. Finally, “chain stretch” is defined as a
flow-induced increase in the primitive path length, which can
be incorporated into the model with a term proportional to
the local gradients in chain tension �25–30�. For moderately
nonlinear flows ��̇��R

−1�, affine deformation of the system is
assumed as the overall length of the primitive chain remains
constant due to the continuous readjustment by the fast
Rouse modes �i.e., chain retraction�. However, for shear
strain rates comparable to or larger than the inverse of the

PHYSICAL REVIEW E 72, 021802 �2005�

1539-3755/2005/72�2�/021802�12�/$23.00 ©2005 The American Physical Society021802-1

http://dx.doi.org/10.1103/PhysRevE.72.021802


longest Rouse time �R ��̇	�R
−1�, this assumption is no longer

true and chain stretch is believed to become important.
In the tube theory for entangled polymer dynamics, the

dominant relaxation mechanism is determined by the magni-
tude of the shear strain rate �̇ relative to the reptation �d

−1 and
Rouse �R

−1 rates �8,30,31�. In the low shear strain rate regime,
�̇��d

−1, reptation is the dominant relaxation mechanism for
linear polymers such that the material relaxes with a time
scale �d. This is the well-known linear viscoelastic limit with
constant viscosity �0. In the intermediate shear rate regime
�d

−1��̇��R
−1, CCR is the dominant relaxation mechanism

occurring with a time scale of the order of �̇−1. Nonlinear
viscoelastic phenomena, such as shear thinning, occur in this
regime. The high shear strain rate regime �̇��R

−1 is the least
well understood at present; relaxations in this regime are
believed to be attributed to chain stretching �30�.

Shear thinning has been observed during the growth of
holes in thin, freely standing polystyrene �PS� films �32�.
Holes form in the films at elevated temperatures either due to
nucleation by defects, e.g., dust or density inhomogeneities,
or their formation can be driven by the dispersion or van der
Waals interaction �33�. Unsupported or freely standing thin
liquid films are inherently unstable: the symmetric geometry
with air on both sides of the liquid film always results in
attractive van der Waals forces which, for sufficiently thin
films, tend to bring the two film surfaces together leading to
the formation of a hole which, once formed, grows with time
driven by surface tension. The driving force of surface ten-
sion can be balanced by inertia for the case of fluid soap
films �34,35�, for which material is observed to build up into
a rim around the edge of the hole, or by viscous damping for
the case of viscous fluid films �36�, for which uniform thick-
ening of the film is observed �32,37,38�. Viscoelastic mate-
rials such as polymers also have elastic properties that can
become important at low temperatures �39–43�.

Hole growth in freely standing viscous films is driven
radially outward by a constant stress at the edge of the hole

=2� /h due to surface tension. The flow has a constant ve-
locity profile across the thickness of the film, referred to as
plug flow, which only depends on the radial distance r from
the center of the hole:

v�r� = ṘR/r , �1�

where the radial position R of the edge of the hole travels

with velocity dR /dt� Ṙ. The rate of energy loss due to vis-
cous dissipation within the film can be written as �37�

Ėkin�r� = 2��
R

�

2rhdr�	 �v
�r

2

+ 	v
r

2� = 4�hṘ2, �2�

where h is the film thickness and � is the viscosity. Ėkin is
balanced by the gain in surface energy per unit time

Ėsurf�r� = �2��2RṘ , �3�

as determined by the surface tension �. Equating Eqs. �2� and
�3� yields

Ṙ

R
=

�

�h
, �4�

corresponding to exponential growth of the hole radius as a
function of time:

R�t� = R0 exp�t/�� , �5�

where the characteristic growth time � is related to the ma-
terial constants by

� =
�h

�
. �6�

Since the film thickness h can be measured independently
using, e.g., ellipsometry, and the surface tension � is not
expected to differ from that in bulk because h is large com-
pared with the length scale associated with surface tension
��1 nm �44��, the hole growth experiment provides a simple
and elegant technique for measuring the viscosity at the edge
of the hole.

With decreasing film thickness h, the stress at the edge of
the hole increases as 
=2� /h, which results in an increase in
the shear strain rate �̇ given by �32�

�̇ =
2Ṙ

R
=

2

�
. �7�

In a study of hole growth in thin, freely standing PS films,
with molecular weight Mw=767�103, measured at a tem-
perature 18 °C greater than the bulk value of Tg �32�, it was
found that the viscosity � at the edge of the hole decreased
with increasing �̇ in agreement with the bulk nonlinear vis-
coelastic phenomenon of shear thinning, according to the
power law

���̇� � ��̇�−d �8�

with an exponent of d=0.65±0.03 that was slightly smaller
than the bulk value of d�0.8 �45�.

In the present manuscript, we demonstrate that the thin
film geometry is also ideal for testing aspects of the tube
theory of entangled polymer dynamics. We present optical
microscopy measurements of hole growth in freely standing
polystyrene �PS� films that extend the range of previous hole
growth studies in freely standing PS films �32,43,46,47� to
small holes in very thin films �h100 nm� at low tempera-
tures �slightly larger than the bulk glass transition tempera-
ture of polystyrene, Tg

bulk=97 °C�. In measurements of the
hole radius R as a function of time, we have observed a
transition from linear growth of the hole radius during the
early stages of hole growth to exponential growth at later
times. We have characterized the transition from linear to
exponential hole growth experimentally as a function of mo-
lecular weight �120�103�Mw�2240�103�, film thickness
�61 nm�h�125 nm�, and temperature �101 °C�T
�117 °C�. Empirically, we find that excellent fits to the R�t�
data can be obtained using an expression for R�t� that corre-
sponds to a viscous fluid model incorporating a time-
dependent viscosity ��t�. The expression for R�t� is appeal-
ing since it contains only three fitting parameters, each of
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which has a physical meaning: R0, the hole radius at the
beginning of the hole growth experiment; �, a characteristic
growth time for exponential hole growth at long times; and
�1, a time scale which we ascribe to the decay of entangle-
ments of the molecules during the initial stages of hole
growth.

Perhaps it is not surprising that the dynamics of flow in
very thin polymer films can be complex due to the large
stress imposed by surface tension at the edge of the growing
hole. This can lead to highly nonlinear viscoelastic behavior
and provide a new experimental window into the complexi-
ties of nonlinear viscoelastic flow that have been revealed
theoretically by recent advances in the tube theory of en-
tangled polymer dynamics. To date, this theory has outpaced
the availability of good experimental data obtained at high
shear rates to test the complexities of the theory �8,48�, as
well as the large number of constitutive equations available
�49�. The data obtained in the present hole growth experi-
ments, with a relatively simple experimental geometry, cor-
responding to radial plug flow of the polymer molecules,
should provide a good test case of the available theories for
monodisperse linear polymer chains in an entangled melt at
high shear rates. In our experiments, we find that the values
of �1 obtained in our fits to the R�t� data are consistent with
chain disentanglement via the convective constraint release
�CCR� mechanism of the tube theory of entangled polymer
dynamics. In addition, in the late stages of hole growth, cor-
responding to exponential growth of the hole radius �see Eq.
�5��, the measured viscosity values are consistent with the
bulk phenomenon of shear thinning. A complete compilation
of shear thinning results obtained for freely standing PS films
is given in Ref. �47�.

II. EXPERIMENT

Thin freely standing polystyrene �PS� films were prepared
using monodisperse atactic polystyrene, obtained from Poly-
mer Source, Inc. A series of four molecular weight values
ranging from Mw=120�103 to 2240�103 were used �see
Table I for sample details�. Polymer films were spincoated at
4000 rpm onto freshly cleaved mica substrates from dilute
solutions of PS dissolved in toluene with concentrations be-
tween 1.4 and 2.3 % of PS by mass to produce film thick-
nesses h between 61 and 125 nm. All PS films on mica were
heated under vacuum to T=115 °C for 12 h to remove any
trapped solvent, and subsequently cooled to room tempera-
ture at less than 1 °C/min to produce samples with a well
defined and reproducible thermal history. The PS films were
transferred onto a clean �Milli-Q , resistance�18 M�� water
surface, and then transferred onto stainless steel sample hold-
ers containing a 4-mm diameter hole, resulting in freely
standing PS films that were dried in air �50�. Pieces of the
same PS films were also transferred onto clean silicon wafers
for a determination of the PS film thicknesses to within
±1 nm using ellipsometry.

The freely standing PS films were heated in a custom-
built hot stage on an Olympus BX-60 optical microscope and
measurements of the hole radius R as a function of time t
were obtained by capturing a time sequence of optical mi-

crographs, and digitally measuring the area of the hole in
each micrograph with image analysis software �ImagePro
Plus by Media Cybernetics� from which the hole radius R
was calculated. For the measurements, the PS freely standing
films were heated quickly at a rate of 5−10 °C/min to the
measurement temperature between 101 and 117 °C, and held
at the elevated temperature while hole formation and growth
occured. The measurement time varied from �30 min at the
highest temperatures to many hours for the lowest tempera-
tures. Measurements of the hole radius were begun as soon
as a hole was identified, with initial hole radii values that
were typically 1 �m.

III. RESULTS AND ANALYSIS

A. Time dependence of the hole radius

Measurements of the radius R�t� of individual holes in
freely standing PS films revealed a transition from a linear
dependence of the hole radius on time, observed at early
times, to an exponential dependence of the hole radius on
time, observed at later times. In Fig. 1 are shown the R�t�
data collected for a PS freely standing film of Mw=2240
�103 and thickness h=79 nm held at a temperature of T
=103 °C. By plotting the R�t� data using both linear �Fig.
1�a�� and natural logarithmic �Fig. 1�b�� axes for the R val-
ues, it can be seen that initially the hole radius grows linearly
with time before changing to an exponential time depen-
dence at later times.

The data set shown in Fig. 1 is representative of all of the
data sets collected for the set of samples used in the present
study �see Table I�. The period of time corresponding to the
initial linear growth behavior decreased with decreasing mo-
lecular weight Mw and increasing temperature, such that only
exponential growth was observed for films with the lowest
value of Mw=120�103 at all temperatures measured
�101 °C�T�107 °C� and for films with Mw=282�103 at
the highest temperature measured �T=107 °C�. All of the
films measured in the present study exhibited exponential

TABLE I. Molecular weight Mw, polydispersity index Mw /Mn,
and film thickness h of polystyrene samples studied along with the
measurement temperatures T used for each set of films. The uncer-
tainty quoted for each film thickness value is the standard deviation
of values measured for the set of films with the same nominal
thickness.

PS
Mw��103� Mw /Mn

Film thicknessa

h �nm�
Measurement temperature

T�°C�

120 1.04 77±1 101, 103, 105, 107

282 1.07 94±1 101, 103, 107

717 1.12 61±3, 90±3,
125±4

101, 103, 105, 107, 110,
112, 115, 117

2240 1.08 83±3 101, 103, 105, 107, 110,
112, 115

aAll films have the bulk value of the glass transition temperature
Tg

bulk=97 °C for polystyrene, except for the h=61 nm films of
Mw=717�103, which have a Tg=80 °C �74�.
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growth of the hole radius for very long times.
We note that the linear growth portion of the R�t� data

does not correspond to the leading, linear term in a series
expansion of an exponential function of time. Even if the
characteristic exponential growth time � were very large, ex-
ponential growth would correspond to a straight line on a
plot of ln R versus t, and this is not observed for hole growth
experiments in which a linear growth portion of the R�t� data
was observed �see, e.g., Fig. 1�.

The initial portion of the data sets, for which linear
growth was observed, was fit to an equation for a straight
line of the form R�t�=vt+c to obtain the velocity v. The late
stage data were fit to an equation for exponential growth of
the form R�t�=Aet/� to obtain the characteristic growth time
�. The ranges of data points used for the fits to the linear and
exponential growth equations were chosen such that the de-
viations of the ordinate values from the best fit straight line
on the R versus t plot and the ln �R /R0� versus t plot were
less than 1.5% of the ordinate range. Figure 2 shows the best
fit v and � values plotted as a function of temperature for all
of the samples measured in this study. Both the v and �
values depend strongly on temperature; the strong tempera-
ture dependence of � is expected from Eq. �6�, given the
strong temperature dependence of the viscosity �. There is

no significant dependence of the v and � values on Mw. The
� values measured at T=115 °C in the present study are in
agreement with those reported in Ref. �32� for hole growth
measurements of PS films of Mw=767�103 at T=115 °C
for film thicknesses h=96 nm and 122 nm �see Fig. 2�b��.

Before discussing the interesting transition from linear to
exponential growth as time proceeds, we first analyze the
late stage data corresponding to exponential growth. From
the characteristic growth time �, we calculated the corre-
sponding viscosity � at the edge of the hole using Eq. �6� and
the shear strain rate �̇ using Eq. �7�. A plot of � /�0 versus
the reduced shear strain rate �45�

� =
�0Mw�̇

�RmolT
�9�

is shown in Fig. 3, where Rmol is the molar gas constant, and
� is the mass density. The details of the calculation of the
� /�0 and � values are given in Ref. �47�. In Fig. 3, we have

FIG. 1. Hole radius R�t� data for a freely-standing PS film of
Mw=2240�103 and h=79 nm held at T=103 °C with �a� linear
and �b� natural logarithmic axes for the R values. The straight solid
lines in the plots correspond to best fits to �a� R�t�=vt+c, with v
=0.23 nm/s and c=0.63 �m, for 0� t�7740 s and �b� R�t�=Aet/�,
with �=10900 s and A=1.21 �m, for 8100 s� t�17820 s. The
dashed line in part �a� corresponds to the extrapolation of the best
linear fit of the R versus t data to R=0 at t= t0.

FIG. 2. �a� Velocity v of the linear growth regime observed at
early times and �b� characteristic growth time � of the exponential
growth regime observed during the late stages of hole growth, as a
function of temperature T. In the two graphs, the symbols corre-
sponding to a given data set are the same: Mw=120�103 , h
=77 nm ���; Mw=282�103 , h=94 nm ���; Mw=717�103 , h
=61 nm ���; Mw=717�103 , h=90 nm ���; Mw=717�103 , h
=125 nm ���; and Mw=2240�103 , h=83 nm ���. In part �b� data
from Ref. �32� collected at T=115 °C have been added: Mw=767
�103 , h=96 nm ���; and Mw=767�103 , h=122 nm ���.
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also included data collected in previous studies of hole
growth in freely standing PS films �32,43�.

The large � values obtained in the present study �3
�103���3�109� indicate that the hole growth measure-
ments correspond to the nonlinear regime ��10 �45�, in
which shear thinning effects �characterized by decreasing �
with increasing �� dominate. It is interesting to note that the
data of Ref. �43�, obtained for thicker films at higher tem-
peratures than in the present study, extend the range of the
data in Fig. 3 from the nonlinear regime to the linear regime,
corresponding to �=�0 which indicates that hole growth is a
shear deformation, and not an extensional deformation since
the steady state extensional viscosity at small strain rates, the
Trouton viscosity, is three times the zero shear viscosity �0.
A detailed discussion of all shear thinning results obtained to
date for freely standing PS films is given in Ref. �47�.

We now focus on the observed transition from linear to
exponential hole growth as time proceeds �see Fig. 1�. In Fig.
4 are shown two plots of ln�R�t� /R���� versus time t /�: �a�
for constant temperature and different Mw values and �b� for
constant Mw and film thickness at different temperatures. The
normalization of the R�t� values by R��� and the t values by
� scales the data such that the data sets coincide for t=�, and
the long time portions of the data, which exhibit exponential
growth, overlap. From the plots shown in Fig. 4, it can be
seen that the largest deviations from exponential growth at
small times �t /��1� occur for the higher Mw films �Fig.
4�a�� and at the lower temperatures �Fig. 4�b��. The transient
behavior observed during the initial stages of hole growth
was isolated by subtracting the straight dashed lines in Fig.
4, representing exponential growth, from each data set. The
transient behavior, defined as

ln�R�t�/R���� − �t/� − 1� �10�

is plotted as a function of the reduced time t /� in Figs. 5�a�
and 5�b� for the data sets displayed in Figs. 4�a� and 4�b�,
respectively. The transient behavior was found to be well
described by an exponential decay with a single characteris-
tic time �1 as shown by the fit to the T=103 °C data set in
Fig. 5�b�. This analysis suggests that the linear behavior ob-
served during the early stages of growth is the result of the
exponential decay of a transient effect.

The origin of the time scale, t=0, in Figs. 1, 4, 5�a�, and
5�b� corresponds to the start of each experiment, i.e., the
time at which the first optical micrograph was collected after
identifying a hole in the film using the optical microscope.
Since holes were identified with different initial sizes, t=0
corresponds to different initial radii. To compare the different
data sets, it is sensible to shift the measured time values to
refer each data set to a common initial radius. We have cho-
sen to refer the data sets to the time t= t0 corresponding to
R�t0�=0 by extrapolating the linear fits to the initial portion
of the R�t� data sets to R=0 �see Fig. 1�a��. The value of R
=0 never occurs in practice, since there is a minimum critical
hole radius Rc=h /2 above which holes must form for nucle-
ated holes to grow with time �51�, but this provides a con-
venient common reference point. In Figs. 5�c� and 5�d� are

FIG. 4. Plots of ln�R�t� /R���� versus t /� for films �a� measured
at the same temperature �T=103 °C� with different Mw values:
Mw=120�103 and h=78 nm, Mw=282�103 and h=94 nm, Mw

=717�103 and h=91 nm, and Mw=2240�103 and h=79 nm and
�b� measured at different temperatures with the same Mw value
�Mw=717�103� and thickness �h=125 nm�.

FIG. 3. Viscosity � at the edge of the hole determined from hole
growth measurements of freely standing PS films at temperatures
close to and above Tg

bulk, divided by the zero shear rate viscosity �0,
as a function of the reduced shear strain rate �=�0Mw�̇ /�RT for
Mw values of 120�103 ���, 282�103 ���, 717�103 ���, and
2240�103 ���. The solid line is the best fit of the log10�� /�0�
versus log10� data from the present study �solid symbols� to a
straight line with a slope of −0.75±0.01. Data from previous studies
are also shown: Ref. �32� ���, and Ref. �43� ���.
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shown the data sets from Figs. 5�a� and 5�b� shifted in time
by the amount t0 and normalized by �. Reasonable overlap of
the different data sets is obtained in Figs. 5�c� and 5�d� which
provides strong evidence that the transient behavior is caused
by the same mechanism in all of the films and is well de-
scribed by a single exponential decay Be−�t−t0�/�1 with a time
scale �1 that is proportional to the hole growth time � �see
Figs. 5�b� and 5�d��.

Although it is possible to analyze the early stage and late
stage hole growth data separately, as shown in Figs. 1–5, it is
better to have a single fitting function for the R�t� data that is
valid for all times measured in the experiment. Ideally, the
fitting function should have a small number of fitting param-
eters, each of which has a physical significance. Based on the
identification of an initial transient behavior that decays ex-
ponentially with time �see Figs. 5�b� and 5�d��, we have
found empirically that the following function describes the
R�t� data well for all of the films used in the present study:

R�t� = R0 exp� t

�
�1 + exp�− t/�1��� . �11�

Equation �11� is appealing since it contains only three fitting
parameters, each of which has a physical significance: � is
the characteristic growth time of the hole radius at long
times, �1 is the characteristic decay time for the initial tran-
sient behavior, and R0 is the radius at the beginning of the
experiment, corresponding to t=0. Equation �11� corre-
sponds to a modification of Eq. �5� such that, at times com-
parable to or less than �1, the term containing �1 in Eq. �11�
contributes significantly to the value of R�t�. At times much
greater than �1 , R�t� in Eq. �11� is dominated by the expo-
nential growth prescribed by � and is equivalent to Eq. �5�.

It is possible to interpret the modification of Eq. �5� re-
sulting in Eq. �11� in terms of a time-dependent viscosity
��t�. If we allow the time constant � in Eq. �5� to be time
dependent, and combine the result with Eq. �6�, we can write

R�t� = R0 exp� t

��t�� = R0 exp� �t

h��t�� . �12�

Comparing Eqs. �11� and �12�, we obtain an expression for
the time-dependent viscosity ��t�:

��t� =
��

1 + exp�− t/�1�
, �13�

where ��=�� /h is the viscosity corresponding to times much
larger than �1. Equation �13� corresponds to a viscosity of
�� /2 at t=0 which increases with time to �� with a charac-
teristic time scale �1.

The expression for ��t� given by Eq. �13� corresponds to
a three-parameter spring and dashpot model that can be used
to describe a simple viscoelastic fluid. The spring and dash-
pot model consists of a Voigt element �52,53�, which is a
parallel arrangement of a spring of modulus E and a dashpot
of viscosity ��, in series with another dashpot of viscosity
��, as shown in Fig. 6 �54,55�. The viscosity of each dashpot
is reduced from the zero strain rate value due to shear thin-
ning. During hole growth, surface tension applies a stress

=2� /h at the edge of the hole. Since hole growth in freely
standing films occurs without the accumulation of material
around the edge of the hole, but rather with a very small,
uniform thickening of the film �see Sec. III B�, the stress 
 at
the edge of the hole effectively remains constant as the holes
grow. During the optical microscopy measurements, there
are typically a few isolated small �R�13 �m� holes present

FIG. 5. Plots of the transient
ln�R�t� /R����− �t /�−1� versus t /�
for �a� the same data set as in Fig.
4�a�, and �b� the same data set as
in Fig. 4�b�. Parts �c� and �d� cor-
respond to the same data sets as in
parts �a� and �b�, respectively, ref-
erenced to a common extrapolated
starting time t0 corresponding to
R�t0�=0. The solid curves in parts
�b� and �d� were calculated as the
best fit of the T=103 °C data set
to a single exponential decay
Be−�t−t0�/�1 with �1=0.316�
=3610 s.
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in the entire film �4 mm in diameter� such that the change in
film thickness during the course of the experiment is negli-
gible. We demonstrate that the expression for ��t� given in
Eq. �13� can be obtained from the simple three parameter
spring and dashpot shown in Fig. 6 by applying a constant
stress 
 across the arrangement of spring and dashpots. The
time dependent strain of the Voigt element is �53�

�A�t� =



E
1 − exp	−

E

��

t
 �14�

and that for the other dashpot is

�B�t� =



��

t . �15�

The strains are additive for elements in series leading to an
overall time-dependent strain

��t� = 
� t

��

+
1

E
1 − exp	−

E

��

t
� �16�

for the three parameter viscoelastic fluid model in Fig. 6.
Differentiating Eq. �16� with respect to t, with 
 constant, we
obtain the time-dependent strain rate

�̇�t� = 
� 1

��

+
1

��

1 − exp	−
E

��

t
� , �17�

which results in a time-dependent viscosity equal to

��t� =



�̇�t�
=

��

1 + exp	−
E

��

t
 . �18�

Equation �18� is identical to the expression for ��t� given in
Eq. �13� with �1=�� /E. It is perhaps surprising that such a
simple model of a viscoelastic fluid, which is characterized
by a single relaxation time �1, provides excellent fits to the
R�t� data obtained for the freely standing PS films in the
present study.

In Fig. 7 are shown three representative R�t� data sets and
solid curves which were calculated using parameter values
corresponding to the best fit of Eq. �11� to the R�t� data sets
obtained for freely standing PS films of Mw=717�103 for
�a� h=91 nm at T=101 °C, �b� h=89 nm at T=107 °C, and
�c� h=91 nm at T=115 °C. Excellent fits of Eq. �11� to the

R�t� data were obtained for all times using the parameter
values listed in the caption of Fig. 7, and fits of similar
quality were obtained from fits of Eq. �11� to all of the data
sets obtained in the present study. The fitted R0 values ranged

FIG. 6. A spring and dashpot model corresponding to a vis-
coelastic fluid describing a time-dependent strain ��t� given by Eq.
�16�: the dashpots have a viscosity �� and the spring has a modulus
E.

FIG. 7. R�t� data and solid curves corresponding to the best fit
of Eq. �11� to the R�t� data for three freely standing PS films of
Mw=717�103 measured for �a� h=91 nm at T=101 °C, �b� h
=89 nm at T=107 °C, and �c� h=91 nm at T=115 °C. The best fit
values of �, �1 and R0 are �a� 11 800±130 s, 10 300±410 s, and
0.97±0.01 �m; �b� 2290±10 s s, 1250±30 s, and 0.81±0.01 �m;
and �c� 123±1 s, 69±2 s, and 1.35±0.01 �m.

EVIDENCE OF CONVECTIVE CONSTRAINT RELEASE… PHYSICAL REVIEW E 72, 021802 �2005�

021802-7



from 0.4 to 2.4 �m and were found to be in excellent agree-
ment with the initial values of the hole radius measured at
the start of the experiments; the fitted � values from Eq. �11�
were found to be approximately 10% less than those of the
characteristic growth times determined by fitting only the
exponential growth portion of the data during the late stages
of hole growth to Eq. �5� �see Fig. 2�b��; and �1 exhibits the
same temperature dependence as � with � /�1=2.2±1.4. �1
decreases with increasing T such that the exponential growth
regime is obtained more quickly at higher temperatures in
agreement with experimental observations. In Fig. 8 are
shown both � and �1, obtained from the fits of Eq. �11� to the
R�t� data sets, as a function of temperature where the straight
lines correspond to the best linear fits to the log10� versus T
data �solid circles� and log10�1 versus T data �open circles�
obtained for the h=90 nm films of Mw=717�103. Because
the spread in the ��T� and �1�T� data is quite large, no sig-
nificant differences can be observed between the data sets of
different molecular weight and thickness.

B. The shape of the edge of the holes

The shape of the edge of the holes was investigated using
atomic force microscopy �AFM�. Freely standing PS films in

which hole formation had occurred at a fixed temperature for
a certain length of time were quenched to room temperature
and transferred onto silicon wafers for AFM measurements
of the hole edge profile. We found that it was necessary to
perform the AFM measurements on films that had been
transferred onto silicon because the freely standing films
were too susceptible to vibrations to allow high-quality AFM
measurements and because the absence of a feedback signal
when the AFM tip was within the hole on a freely standing
film produced an erratic AFM signal near the edge of the
hole. Because the freely standing PS films were quenched to
room temperature �75 °C below Tg

bulk� before their transfer
onto silicon, they should retain the shape of the edge of the
hole obtained during hole growth in the freely standing state.
We expect that the only modification to the shape of the edge
of the hole due to the transfer onto silicon to be a factor of
two enhancement of the height of the rim at the edge of the
hole, since the edge of the hole in the freely standing PS film
is expected to be symmetric with respect to the midplane of
the film.

AFM measurements of PS films containing multiple, iso-
lated holes were performed on four films with Mw=717
�103 and h=97 nm in which hole growth had occurred at a
measurement temperature of T=105 °C or T=112 °C for
both short and long times. The films quenched after short
times contained holes for which only linear R�t� behavior
was observed using optical microscopy, while the films
quenched after long times contained holes for which expo-
nential R�t� behavior was observed using optical microscopy.
There were no significant differences in the profiles of the
hole edges between holes growing with linear or exponential
R�t� behavior, and in all cases no significant rim was ob-
served at the edge of the hole to within 2 nm �2% of the film
thickness�. In Fig. 9 are shown AFM height images and cor-
responding line scans obtained for two PS films heated in the
freely standing state to T=105 °C for a time th, cooled to
room temperature with an initial quench rate of 10 °C/min
immediately after the optical microscopy measurements of
R�t�, and then transferred onto silicon. Figure 9�a� corre-
sponds to th=25 min �linear hole growth� and Fig. 9�b� cor-
responds to th=75 min �exponential hole growth�. In the line
scans, it can be seen that there is no significant rim at the
edge of the holes.

It has been suggested by Debrégeas et al. �37� that the
absence of a rim is the result of elastic effects within the
film, in which the stress at the edge of the growing hole is
transmitted to the rest of the film at the speed of sound.
Numerical calculations by Brenner and Gueyffier �36� indi-
cate that the absence of a rim can also result from a purely
viscous effect. We note that the absence of a rim is confirmed
by applying the equation of continuity for an incompressible

fluid �� ·v� =0. If we allow for the possibility of flow normal
to the plane of the film �z direction�, which should have the

form z�ḣ /h� from dimensional considerations, in addition to
the in-plane flow specified by Eq. �1�, then we obtain

�� · v� =
1

r

�

�r
�rv� +

ḣ

h
= 0, �19�

which results in

FIG. 8. Best fit values of � �solid symbols� and �1 �open sym-
bols� determined using Eq. �11�. � and �1 show a strong and similar
temperature dependence �slope of 0.14 for log10� versus T and slope
of 0.15 for log10�1 versus T� with � /�1=2.2±1.4. The straight lines
correspond to the best fit to the log10� versus T and log10�1 versus T
data sets corresponding to the Mw=717�103 , h=90 nm films. The
symbols correspond to data for Mw=120�103 , h=77 nm ���;
Mw=282�103 , h=94 nm �stars�; Mw=717�103 , h=61 nm �tri-
angles�; Mw=717�103, 90 nm �circles�; Mw=717�103 , h
=125 nm �diamonds�; and Mw=2240�103 , h=83 nm �squares�.

ROTH et al. PHYSICAL REVIEW E 72, 021802 �2005�

021802-8



ḣ

h
= 0, �20�

i.e., no change in the film thickness h with time. Equation
�20� is valid for holes that are much smaller than the sample
size such that the lateral extent of the film can be regarded as
infinite, which is a very good approximation for all of the
present measurements since the maximum hole radius for all
of the hole growth measurements was 13 �m. In the limit of
very large holes, the lateral extent of the film cannot be
treated as infinite. Given that the fluid velocity must be equal
to zero at the maximum radial distance for the film r=L, i.e.,
the edge of the sample, the velocity profile of the fluid is
given by �56�

v�r� =
ṘR

L2 − R2	L2

r
− r
 , �21�

which reduces to Eq. �1� for L→�. Using Eq. �21� in the
equation of continuity �Eq. �19�� gives h�L2−R2�=constant,
which corresponds to an increase in the thickness h which is
independent of r as R increases. In previous hole growth
measurements in freely standing PS films �32� an increase in
the characteristic growth time � was observed for large holes,
which was consistent with an increase in � due to uniform
thickening of the film in accordance with Eq. �6�.

In contrast, hole growth in supported polymer films
�39,41,42,57–61� necessarily results in the formation of a
rim at the edge of the growing hole due to the asymmetric
nature of the driving force for hole growth: the surface ten-
sion on the top surface is much larger �by a factor of �10�
than the interfacial tension on the bottom interface, which
results in an accumulation of material at the edge of the hole
on the top of the film �60�. For freely standing films, the
driving force due to surface tension is the same for both the
top and bottom surfaces which results in a uniform velocity
profile across the film, i.e., plug flow �see Eq. �1��.

IV. DISCUSSION

The linear growth of the hole radius with time that is
observed during the initial stages of hole growth persists for
the longest times at the lowest temperatures used in the
present study where elastic effects can contribute signifi-
cantly. In polymer melts of linear chains, an elastic response
of the material is obtained due to the presence of entangle-
ments between the long molecules. According to the theory
of reptation �62,63�, these entanglements are said to persist
for one reptation time �d, during which the initial entangle-
ments are lost and new ones are formed. For times longer
than �d, the material is said to flow, characterized by a vis-
cosity �0 that scales with the length of the polymer mol-
ecules as �0�Mw

3.4. However in the presence of large shear
strain rates �̇��d

−1, the chains will disentangle rapidly as the
constraints surrounding a given chain are removed by the
shear strain displacements. New entanglements will not have
sufficient time to form as the molecules slip past each other,
resulting in a decrease in the density of entanglement points
to some steady-state value that is characterized by a reduced
viscosity ���̇� �45,64�. As described in the Introduction, the
tube theory of entangled polymer dynamics can be divided
into three different regimes, each characterized by a different
dominant relaxation mechanism. The regimes are classified
according to the value of the strain rate �̇ relative to the
reptation ��d

−1� and Rouse ��R
−1� rates.

At T=101 °C, the shear strain rates �̇ measured during
our hole growth measurements are of the order of 10−4 s−1

compared to reptation rates of �d
−1�10−6 s−1 to �10−10 s−1

for the Mw range used in the present study. The values of �d
for different temperatures were obtained from J�t� data mea-
sured for PS melts of Mw=600�103 �52,65� by shifting the
J�t� data in time using the temperature shift factor aT �65�;
the �d values were then scaled as Mw

3.4 to obtain values for the
different Mw values used in the present study �56�. Rouse
times, however, are much more difficult to determine experi-
mentally; thus, we choose to estimate �R values using the
scaling relation �63�

FIG. 9. Atomic force micros-
copy height images of two freely
standing PS films transferred onto
silicon after heating for a time th

at T=105 °C while measuring
R�t� using optical microscopy,
quenching to room temperature
and transferring onto silicon. �a�
th=25 min, corresponding to lin-
ear growth of the hole radius, and
�b� th=75 min, corresponding to
exponential growth of the hole ra-
dius. The lower plots show line
scans corresponding to the dashed
lines in the AFM images.
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�R =
�d

3Z
, �22�

where Z=Mw /Me with the entanglement molecular weight
Me=13 310 for PS �66,67�. Equation �22� gives Rouse rates
of �R

−1�10−4 s−1 to �10−7 s−1 at T=101 °C. Consequently,
we find that the shear strain rates �̇ in the present measure-
ments are much larger than �d

−1 and comparable to �R
−1, indi-

cating that the hole growth measurements are in the interme-
diate to high shear strain rate regime. The dominant
relaxation mechanisms in these regimes are CCR and chain
stretch �8,30�. The polymer chains retain their Gaussian con-
formations on a local scale for shear strain rates �̇ less than
�R

−1, with distortions due to chain stretch occurring for larger
�̇ values. It has been suggested that the effect of chain stretch
is less important for shear flows with no rotation, such that
the tubes become oriented in the direction of flow, allowing
for easier and faster chain retraction along the length of the
tube �25,28�. Since the shear flow at the edge of the hole has
no rotation �56�, CCR is likely the dominant relaxation
mechanism, for which the longest relaxation time of the sys-
tem is of the order of �̇−1 �8,21�. If the chain stretch mecha-
nism contributes significantly, it would act to further de-
crease the longest relaxation time of the system. Thus, a
reasonable upper bound on the longest relaxation time is that
given by CCR, which is of the order of �̇−1. For the hole
growth measurements, this implies that the value of �1, the
measure of the longest relaxation time of the system during
hole growth, would be of the order of �̇−1=� /2 �see Eq. �7��.
We find that the � and �1 values obtained from fits to the
experimental data are, on average, related by the ratio � /�1
=2.2±1.4. Thus the linear growth portion observed during
the early stages of hole growth is consistent with the decay
of entanglements via the CCR mechanism.

In Sec. III A, we showed that excellent fits to the R�t� data
were obtained using a time-dependent viscosity �Eq. �13��,
which is equivalent to a three-parameter spring and dashpot
model �see Fig. 6� characterized by a single relaxation time
�1. It is perhaps surprising that the behavior of the viscoelas-
tic fluid in the freely standing PS films experiencing shear
thinning can be described by a single relaxation time, espe-
cially since the description of linear viscoelastic fluids typi-
cally requires the use of distributions of relaxation times,
corresponding to series arrangements of many Maxwell or
Voigt elements �53�. This simplification from a distribution
of relaxation times in the linear viscoelastic regime to a
single relaxation time in the nonlinear viscoelastic regime
may result from the dominance of the CCR mechanism,
characterized by a relaxation time determined only by the
strain rate.

We consider two effects that may affect the hole growth
process in thin freely standing PS films: the possibility of
chain scission occuring during hole growth, and the nonequi-
librium nature of spincoated polymer films. Since hole
growth occurs on time scales less than the reptation time �d
for all but the lowest molecular weight films, it is important
to consider the possibility that the polymer molecules are not
able to disentangle on the time scale of the experiment and
that the loss in entanglement density occurs by chain sciss-

ion. This would result in a considerable number of chain
segments that are significantly smaller than the original Mw
value. Although this effect would not be observed in the hole
growth experiment at long times, since the viscosity is inde-
pendent of Mw in the shear thinning regime �68�, it might
affect the transient behavior. We expect that chain scission is
unlikely based on crazing measurements by Berger and
Kramer �69� of PS films �h=700 nm� with Mw values rang-
ing from 233�103 to 3�106 performed at temperatures less
than Tg �20 °C�T�90 °C�. During crazing, large voids
that are 20 to 30 nm in width form in the polymer material
separated by fibrils that are typically 4 to 10 nm in width
�70�. Berger and Kramer estimated that the formation of the
oriented craze fibrils necessitates the destruction of nearly
50% of the entanglement network, which can occur by either
chain scission or chain disentanglement. The molecular
weight dependence of the extension ratio in the craze was
measured at temperatures from 20 to 90 °C, and was found
to be independent of Mw or strain rate �̇, which is expected
for entanglement loss by chain scission, until some threshold
temperature was reached. For Mw=1.8�106 films, the exten-
sion ratio remained constant until a temperature of T
=70 °C for �̇=4.1�10−6 s−1 and T=90 °C for �̇�10−2 s−1.
For higher temperatures, the disentanglement times were es-
timated and found to scale with molecular weight as Mw

2.9±0.5.
This was believed to be strong evidence indicating that the
entanglement loss was due to chain disentanglement via rep-
tation. The hole growth measurements presented in this pa-
per were performed at higher temperatures �101 °C�T
�117 °C� with comparable Mw values and strain rates �1.5
�10−4 s−1��̇�2�10−2 s−1� than those used for Berger and
Kramer’s crazing study. Thus it seems that sufficient mobil-
ity exists for the chains to disentangle at the temperatures
and strain rates of the present study even though the hole
growth times are less than the reptation time �d, and it is
unlikely that chain scission occurs during the hole growth
measurements of the present study.

Second, we consider the effect of the spincoating process
used to deposit thin polymer films. In the spincoating pro-
cess, a dilute solution of polymer dissolved in a good solvent
is dropped onto a spinning substrate. The solvent molecules
evaporate rapidly, with the glassy state “freezing in” below a
critical solvent concentration, which for PS in toluene at
25 °C is 14% by mass of toluene �71�. This means that the
material undergoes a large shrinkage in the glassy state as the
remaining solvent molecules are removed. Additionally, the
high spin speeds can lead to radial alignment of the chains.
The net effect is likely to produce a density of entanglements
of the molecules that is less than that observed in bulk, as
inferred in recent Fourier-transform infrared spectroscopy
�FTIR� measurements on spincoated, thin �h�200 nm�
freely standing PS films of Mw=200�103 �72�. We can es-
timate the reduction in the density of entanglements of the
spincoated film by assuming that it is equivalent to that of
the polymer solution when the glassy state “freezes in.” The
molecular weight of the chain segments between entangle-
ment points Me in a solution is that of the melt divided by the
polymer volume fraction � : Me

soln�Me
melt /� �45,73�. There-

fore we expect that the density of entanglements is reduced
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by about 16% in a PS film just after spincoating deposition
compared to that in bulk. Even though the PS films on mica
substrates are heated in vacuum to a temperature T
=115 °C, which is greater than Tg

bulk, this procedure is not
necessarily sufficient to relax the chains fully since segments
of the chains may be pinned to the underlying substrate. In
addition, for the time and temperature used for heating the
PS films on mica in the present study, the films with the two
largest Mw values have been heated for times significantly
shorter than the reptation time �d, whereas films with the two
smallest Mw values have been heated for times much longer
than �d. Therefore it might be expected that the degree of
equilibration is different for PS films of different Mw values
used in the present study, with the highest Mw films being
furthest from equilibrium. For hole growth occurring at long
times corresponding to the shear thinning regime, the reduc-
tion in entanglements produced by the shear strain rate is
expected to be large, producing large reductions in the vis-
cosity �see Fig. 3�, such that the initial arrangement of poly-
mer molecules in the films should not be important. This
decrease in entanglement density will occur on a time scale
corresponding to the renewal of the initial set of entangle-
ments, i.e., the longest relaxation time of the system, which
in the case of the present hole growth measurements is of the
order of �̇−1=� /2 for the CCR relaxation mechanism and is
much smaller than the reptation time �d. Because such a
large change in the entanglement density occurs over a rela-
tively short time �1, which does not have a strong Mw depen-
dence �see Fig. 8�, it is unlikely that the nonequilibrium na-
ture of the PS freely standing films due to spincoating
significantly affects the hole growth process.

V. CONCLUSIONS

We have performed hole growth measurements in freely
standing polystyrene films using optical microscopy and we
observed a change from linear growth of the hole radius with
time to exponential growth of the hole radius with time as
time proceeds. We found that the exponential growth regime
was consistent with viscous flow of the polymer with a re-
duced viscosity at the edge of the hole due to the large shear
strain rates present during hole growth. The R�t� data were
well fit by an expression for exponential growth of the hole
radius which is modified to incorporate a time-dependent
viscosity ��t�. The characteristic time �1, which describes the
decay of the initial transient behavior before the exponential
growth regime is reached, is attributed to the decay of en-
tanglements and is found to scale with the hole growth time
� which is consistent with the convective constraint release
�CCR� relaxation mechanism of the tube theory of entangled
polymer dynamics. The authors hope that the detailed hole
growth measurements presented in this manuscript, probing
the shear deformation of linear monodisperse polystyrene
melts with different molecular weights at high shear rates in
a simple planar, radially symmetric geometry, will provide a
good test case for the tube theory of entangled polymer dy-
namics and the available constitutive equations.
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